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Abstract

Flow in a channel with distributed surface roughness is considered. Results of the linear stability analysis show that the presence
of the roughness destabilizes the traveling-wave instability as well as introduces a new instability that manifests itself in the form of
streamwise vortices. The critical conditions for the occurrence of both instabilities are given for different classes of roughness shape.
It is shown that these conditions can be predicted with a reasonable accuracy in the case of an arbitrary (but Fourier transformable)
roughness by considering only the leading Fourier mode (wavy-wall model). It is argued that the onset of instabilities provides a
decision mechanism that determines whether a particular rough wall can be viewed as being hydraulically smooth in the case of
transitional flows.
© 2006 Elsevier Masson SAS. All rights reserved.
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1. Introduction

Flows over rough walls have been studied since the early works of Hagen [1] and Darcy [2], which were focused
on turbulent regimes. Reynolds [3] was the first to pose the problem in the context of laminar-turbulent transition.
While the questions studied, i.e., what kind of effects the presence of distributed surface roughness can induce in a
flow and when a rough wall behaves as hydraulically smooth, are of fundamental importance their rational resolution
is still lacking. Both questions are of considerable practical importance in several application areas, e.g., design of
large Reynolds number laminar airfoils, small Reynolds number turbulent airfoils, compact heat exchangers, laminar
electrostatic precipitators, etc. The original investigations involved measurements of turbulent flows in open channels
and in pipes. Various possible roughness forms were classified using the concept of “equivalent roughness” [4]. Phe-
nomenological effects of the “equivalent roughness” were summarized in the form of friction coefficient [5—7]. These
and other similar investigations show that surface roughness contributes directly to the dynamics of turbulent flow
only if the wall is hydraulically rough. The concept of hydraulic smoothness is very appealing; however, no precise
criterion exists for predicting whether a given surface can be considered as being hydraulically smooth for flow con-
ditions of interest. While the modeling concepts of this type have been continuously re-evaluated [8,9], they failed so
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far to uncover the mechanisms that govern the complex, flow-condition-dependent interaction between the roughness
geometry and the moving fluid.

This work is focused on the determination of the role played by distributed roughness in the laminar-turbulent
transition process in shear layers. It is known that this process involves various instabilities that eventually lead to
the fully turbulent state. The experimental evidence shows that the roughness contributes directly to the dynamics
of the flow only if its amplitude is sufficiently large. A frequently used criterion for determination of the critical
roughness size is that the roughness Reynolds number Rey = Urk/v < 25 [10], where k is the roughness height, Uy
is the undisturbed velocity at height & and v the kinematic viscosity. Such a criterion, however, does not address the
issue of shape and distribution of the roughness.

There is a large body of experimental observations focused on the laminar-turbulent transition that provide phe-
nomenological description of the flow response in the form of correlations between the height of the roughness, the
flow conditions and the critical Reynolds number for certain classes of geometrical forms of the roughness [11-15].
The range of applicability of these correlations is not certain because they are based on a limited experimental data
and have been determined for, in essence, artificially created roughness forms. These correlations, nevertheless, form
the basis of all roughness sensitive designs.

The surface roughness can be divided into three classes for the purposes of discussion, i.e., isolated two-
dimensional roughness, e.g., spanwise trip wire, isolated three-dimensional roughness and distributed roughness. The
transition mechanisms for the first class of roughness is associated with inflectional separated velocity profiles and are
considered understood at least on qualitative level [16—18]. The characteristic feature of the flow around an isolated,
three-dimensional roughness element is the presence of the horseshoe vortex that generates streamwise vortices on
the downstream side [10]. The transition mechanism is thought to be associated with the strong instabilities of in-
flectional shear layers set up by the streamwise vortices, similar to the case of Gortler instability [19]. The effects of
distributed roughness are not understood [10]. Various experiments indicate that when the roughness is operative the
departure from the laminar state is explosive [20,21]. Theoretical attempts based on the roughness-induced distortion
of velocity profile proved inconclusive [22-24] similarly as did concepts based on the roughness-induced additional
mixing [25]. The spectral model of roughness shape [26] proved to be very powerful and holds a promise to uncover
the mechanisms associated with the distributed roughness. Theoretical analysis of the two-dimensional traveling-
wave instability [27] shows that the roughness is responsible for the reduction of the critical Reynolds number and the
amount of reduction is in agreement with the experimental observations [28]. Three-dimensional analyses of Couette
flow over wavy-wall [29] and Poiseuille flow in a converging-diverging channel [30] show that surface corrugations
are able to generate streamwise vortices. Surface roughness may also play a large role in the transition process through
amplification of the transient growth mechanism [31]; however, this role remains to be substantiated.

The main objective of this analysis is the determination of the role played by distributed surface roughness in the
early stages of the transition process through the use of the linear stability theory. Here we shall follow spectral models
[26] where the roughness geometry is represented in terms of Fourier expansions. Analysis of the effects of different
geometries is reduced to scans of parameter space formed by the coefficients of such expansions. Use of stability
theory provides a convenient tool for the identification of the conditions when the roughness is not hydraulically
active; roughness that does not destabilize the flow modifies the flow in an insignificant manner and thus such wall
may be considered as hydraulically smooth. The reader should note that the just proposed definition of hydraulic
smoothness for transitional flows is different from the common albeit ill-defined smoothness for turbulent flows where
the smoothness implies turbulent friction independent of the roughness.

The role of roughness in transitional flows depends on the disturbance level in the flow. The present analysis is
focused on the quiet environment where transient growth does not play any role and only disturbances with sustained
growth described by the asymptotic instability are able to initiate the transition process. These disturbances include
Tollmien—Schlichting (TS) waves, which may be destabilized by the roughness, as well as disturbances in the form of
streamwise vortices [29,30] that can be induced by the roughness. We shall attempt to identify conditions when the
roughness regardless of its form does not induce any instability and, as a consequence, such a rough wall behaves as
hydraulically smooth wall.

The final comment deals with the nomenclature and the term “roughness”. This is a conceptual term widely used in
the literature and in the discussion above, but nevertheless ill defined. This term only means that the wall is not smooth.
In order to be precise, from now on we shall use the term “corrugation” as it implies well defined geometry and, after
considering several possible corrugations, we shall inquire if we can generalize our results to arbitrary corrugations
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and thus if we can return to the original term, i.e., “roughness”. We shall limit our interests to corrugations of small
amplitude, as roughness implies small amplitude, and shall consider arbitrary but Fourier transformable shapes.

The analysis is carried out in the context of channel flow where one of the walls is corrugated. The presentation
is organized as follows. Section 2 describes steady two-dimensional flow in a channel bounded by a corrugated wall.
Section 3 discusses formulation of the linear stability problem relevant to this flow. Section 4 provides discussion
of stability properties of the flow for different classes of corrugation shapes. In particular, Section 4.1 deals with
the corrugation represented by a single Fourier mode, i.e., wavy-wall model, Section 4.2 considers corrugation in
the form of rectangular grooves, Section 4.3 discusses triangular grooves while Section 4.4 considers “sine-bump”
grooves. Conditions that guarantee flow stability are given in each case. Comparison of all cases given in Section 5
shows that it is possible to formulate a rational criterion that determines whether a particular wall can be treated as a
hydraulically smooth wall. The same section demonstrates generality of the results obtained on the basis of a simple
wavy-wall model.

2. Flow in a corrugated channel

In this section, we shall analyze steady, two-dimensional flow in a channel with corrugated lower wall. This pre-
sentation is limited to a short outline as details can be found in [26,29]. We begin with the reference plane Poiseuille
flow confined between flat rigid walls at y = =1 and extending to infinity in the x-direction (Fig. 1). Velocity and
pressure fields in the form

Vox) = [uo(»),0] = (1 —y%,0),  po(x) = —2x/Re, 2.1)

describe the fluid motion, where the motion is directed towards the positive x-axis, X = (x, y), and the Reynolds
number Re is based on the half-channel height and the maximum x-velocity. Assume that the lower wall is replaced
by a corrugated wall whose location yp (x) is specified as (see Fig. 1)

n=oo

) =—1+ Y sWeiner, 2.2)

n=—oo

where " = §(—" and star denotes the complex conjugate. The wall is characterized by periodicity with the wave-
length A = 27 /o with the flow domain bounded by —oo < x < o0, yp.(x) <y < 1.
The flow in the corrugated channel can be represented as

VZ(X) = [le()(, )’), Uz(x, )’)] ZVO(X) +V1(X) = [u()(y)7 0] + [MI(X, )’)’ vl(x’ )’)],
(2.3)
P2(x) = po(x) + p1(x, y),

where V1 and p; are the velocity and pressure modifications owing to the presence of the corrugation. Substitution of
the above representation of the flow quantities into the Navier—Stokes and continuity equations, introduction of stream
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Fig. 1. Sketch of the flow domain. The computational domain is contained between y = min(yy,) and y = 1.
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function defined as u; = 9,¥, v; = —0d, ¥, elimination of pressure and representation of the unknowns in the form of
Fourier expansions

n=-+oo ) n=+oo ) n=-+o0o )
T,y = Y @V, wi@y)= Y [P, vy = Y fPmenr, (24
n=—00 n=—oo n=—00

where @) = @ (=% fu(”) - fu(—")*, v(’l) _ fv(_")*, lead to a system of nonlinear ordinary differential equations for
the functions @™, n > 0, in the form

k=+o00
[D} —inaRe(uoDy — D*ug)|@™ —iaRe Y [kD®" P Dd® — (n—k)d" P D Dd®] =0, (2.5

k=—00
where D =d/dy, D, = D? — n?a?. The boundary conditions at the channel walls are expressed in the form

uo(yL()) +ui(x, yL(x)) =0, vi(x, yL(x)) =0, (2.6a)
ui(x, 1) =0, vi(x, 1) =0. (2.6b)

The above formulation requires one arbitrary closing condition [26,29]. All results presented in this paper have been
obtained with the fixed volume flux condition.

The field equations have been solved using spectral methods based on the Chebyshev expansions. The boundary
conditions on the smooth wall have been implemented using a variant of the tau technique [26] while the immersed
boundary conditions method has been used to enforce boundary conditions at the corrugated wall [32].

It is useful to discuss topology of the corrugation-modified flow field as it may assist in identifying instability
mechanisms associated with the corrugation. The following discussion is focused on the simplest case, i.e., corrugation
represented by a single Fourier mode with 4S representing distance between the top and bottom of the corrugation
(see Section 4.1 for detailed discussion). Streamlines for the parameters values of interest, i.e., Re = 5000, o = 3.5,
S = 0.0075, are displayed in Fig. 2A. A slight asymmetry of the flow between the upstream and downstream sides
of the “valley” position occurring due to the nonlinear effects is visible. The flow is expected to separate on the
downstream side of the “ridge” for sufficiently deep corrugation. While such separation did not occur for the parameter
values considered here, the inflectional velocity profiles did develop especially on the downstream side of the “ridge”.

Fig. 2B illustrates distribution of vorticity. The reader may note that corrugation deforms the otherwise flat surfaces
of iso-vorticity and appears to act as a source of additional vorticity. This may lead to an interesting flow dynamics by
itself as well as to the activation of the so-called CL1 and CL2 mechanisms [33].

The streamline pattern demonstrates the presence of centrifugal forces whose magnitude can be determined by
studying distribution of streamline curvature. The curvature K can be evaluated according to the formula

vy duy duy 3/2
K:<u%a—x—v%—y—2u1u1—x)/(v12+u%)/ 2.7)

and its distribution is illustrated in Fig. 2C for two corrugation periods. The curvature is negative over approximately
first half of the period, and positive over the second half. Potential for instability driven by centrifugal effect is ex-
pressed in terms of the Rayleigh criterion [34] that states that a necessary and sufficient condition for stability is that
square of circulation should not decrease anywhere. This criterion had been derived in the case of flow between circu-
lar cylinders using a polar system of coordinates where the positive direction is uniquely defined. In the present case
the flow is described in terms of a Cartesian system and thus the positive direction corresponds to increasing y in the
area where the curvature is negative, and decreasing y in the area where the curvature is positive. The local circulation
I’ can be evaluated according to the formula

— (51K = (2 4 u2)? /(w220 _ 22y, 0
r=(ol/K) = (v} +u?) /<u1 S Uiy 2 ax) 2.8)

and its distribution is illustrated in Fig. 2D. Shaded area denotes the flow sectors where the Rayleigh criterion is
violated.



J.M. Floryan / European Journal of Mechanics B/Fluids 26 (2007) 305-329 309

] AN S-S NN N
0.5 1 15 2 25 3 35
X
A
S R )
0.5-/“\"
3| § 50 ¢ J
5| & 3§ §
hd
0
T | s % | &
0.5] J M’\
2, o8t %o, )
" — . T 008 W —0.05 \ /0534
05 1 15 2 25 3 35
X
C D

Fig. 2. Properties of the flow for Reynolds number Re = 5000, the corrugation wave number o = 3.5 and the corrugation amplitude S = 0.0075.
A — streamlines, B — vorticity, C — streamline curvature, D — circulation. Shaded area denotes sector in the flow field where the Rayleigh criterion
is violated.

3. Stability analysis

The linear stability characteristics of the flow in a channel with smooth walls are well known. In this section we
shall inquire how these characteristics change owing to the presence of wall corrugation.

Detailed description of the problem formulation can be found in [26,29]. The following presentation is limited to
a short outline. We begin with the governing equations in the form of vorticity transport and continuity equations.
Unsteady, three-dimensional disturbances are superimposed on the mean part in the form

®=w(x,y) +w3(x,y,z,1), V=Vyx,y)+V3(x,y,z2,1), (3.1

where subscripts 2 and 3 refer to the mean flow and the disturbance field, respectively. Eq. (3.1) is substituted into the
field equations, the mean part is subtracted and the equations are linearized. The resulting disturbance equations have
the form

3&)3

=+ (V2 V)3 = (@3- V)Va+ (V3 V)or = (@2 - V)Vs =Re™ V203, (3.2a)

V-V3=0, 3=V xVj3 (3.2b,c)
and are subject to the homogeneous boundary conditions

Vi(x,1,2) =0, Vi(x, y(x),2) =0, (3.2d)

where yp, is given by Eq. (2.2). These boundary conditions are, in general, incomplete [27] and require an additional
closing condition. All results presented in this paper have been obtained with the constant-mass-flux constraint.

Our interest is in the asymptotic stability and thus the ¢ and z dependence can be separated in the usual manner
leading to the solution in the form

i(x+pz—ot)

v3(x,y,z.0) = [u3(x, y), v3(x, ¥), w3 (x, y)] e +CcC, (3.3)
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where § and § are real and account for the streamwise and spanwise periodicity of the disturbance field, respectively.
The exponent ¢ is complex and its imaginary and real parts describe the rate of growth and the frequency of the
disturbances, respectively, and the function [u3, v3, w3] describes the amplitude of the disturbance velocity vector.
The disturbance amplitude is modulated by the surface corrugation leading to the final form of the disturbance velocity
vector

m=+0o0

Vil y )= Y [ei (). gl (), gt (] eltmerthmotl 4 cc (34)

m=—0o0

and, eventually, to the eigenvalue problem for (3, 8, o) for the ordinary differential equations describing functions

gf,m), gl(,m), ' ™ The system of equations governing g(m), gi(jm), 2w ™ has the form

n=oo
S(m)( (m) ﬂg(m)) + Cg(m) —iRe Z W(m n)g(m n oy W(m n) (m m oy W(m n)g(m n)) (3.5a)
n=-—00
=00
T(m)g]()m) — —Re Z (m n) (m - 4 B(m n) (m n 4 B(m n)g(m n)) (3.5b)
n=—oo
1tmglm) + Dg(m) + 1ﬂg(’") =0, —oo<m< o0, (3.5¢)

where the explicit forms of the operators T, S, C, W, B are given in Appendix A and t,, = ma + §. Operators S,
C and T are referred to as the Squire [35], coupling and Orr—Sommerfeld operators [36,37], respectively, owing to
their analogy with the similar operators in the smooth-wall case [26].

The boundary conditions for the individual modes have the form

g =g =g =g" () =" () =g () =0, —o0o<m <+cc. (3.6)

Egs. (3.5) with boundary conditions (3.6) have nontrivial solutions only for certain combinations of parameters §, o
and B. The required dispersion relation has to be determined numerically. For the purposes of calculations, the problem
is posed as an eigenvalue problem for o. Egs. (3.5) are discretized with spectral accuracy using Chebyshev expansions.
Boundary conditions at the upper wall are implemented using a version of the tau technique [26] while boundary
conditions at the rough lower wall are implemented using the concept of immersed boundary conditions [29].

4. Discussion of results

The present analysis is relevant to the low-disturbance environment and all results have been obtained with the
fixed-mass-constraint. The plane Poiseuille flow (i.e. flow in a channel with smooth walls) becomes linearly unstable
at Re = 5772.22 and the critical disturbance has the form of a two-dimensional wave traveling in the streamwise
direction. Such waves are typically referred to as the Tollmien—Schlichting (TS) waves. Questions to be answered in
this analysis are (i) how the presence of wall corrugation affects the traveling-wave (TS) instability and (ii) whether
the corrugation can induce any new instability. The flow response does, in general, depend on the corrugation shape.
We work with the spectral model of corrugation geometry and thus the simplest possible corrugation form is that
represented by a single Fourier mode, i.e., wavy-wall model. We begin with a detailed discussion of this model and
then proceed to analyze more complex geometries. Three classes of shapes have been chosen with the reason for
their selection explained in Section 5. The analysis is focused on the asymptotic instability and the issues related to
transient growth are not addressed. The reader may recall that o denotes the wave number of the corrugation, and §
and B denote the streamwise and spanwise disturbance wave numbers, respectively.

4.1. Wavy-wall model

The shape of the lower wall is represented by Eq. (2.2) where SV = §(=1) = § are real and S = 0 for n # 1.
The shape of the wall is completely parameterized by the corrugation amplitude S and the corrugation wave number «.
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4.1.1. Vortex instability

The presence of corrugation gives rise to instability that results in the amplification of disturbances in the form
of streamwise vortices. These vortices are fixed with respect to the wall, i.e., Real(o) = 0, are modulated in the
streamwise direction by the corrugation itself (i.e., « = §) and are qualitatively similar to those studied in the case of
Couette flow [29]. The complete spectrum of the complex amplification o corresponding to the flow Reynolds number
Re = 5000, the corrugation wave number o = 2, the corrugation amplitude S = 0.0075 and the vortex wave number
B =2 is shown in Fig. 3. This spectrum has been re-computed a number of times using different number of Chebyshev
polynomials and Fourier modes and only values that did not depend on the numerical parameters were plotted. The
same figure displays Orr—Sommerfeld and Squire spectra for the flat wall for « =0, 2,4 and 8 = 2. The reader may
note that the complete spectrum consists of a union of (interdependent) spectra associated with individual Fourier
modes. These spectra have characteristic A, P and S branches (according to the nomenclature introduced in [38])
and decouple in the limit § — 0. It can be seen that all modes are stable in the absence of corrugation, as shown in
Fig. 4 displaying top of the spectrum. Introduction of the corrugation couples all these modes and destabilizes the
mode with Real(o) = 0. The two least stable modes connect to the symmetric and anti-symmetric Squires modes for
S — 0 [29] with Fig. 5 illustrating the evolution of the least stable modes as a function of S. The distinct limit § = 0
can be determined analytically, i.e., ¢ = —i(8% 4+ 72/4)/Re. It is worth pointing out that the general structure of the
spectrum is not affected by the corrugation; it is the interaction between various modes that results in the promotion
of one eigenvalue into the unstable half-plane.

Instability leading to the formation of streamwise vortices has been identified in the case of convergent-divergent
channels [30]. Two modes of instability (symmetric and anti-symmetric) have been found in that case, while only one
exists in the present case in the range of parameters studied, most likely because of the geometric asymmetry of the
channel.

The disturbance velocity field corresponding to the unstable eigenvalue is illustrated in Fig. 6. The x-velocity
component is much bigger than the remaining two, which is a characteristic feature of streamwise vortices in shear
layers. The actual topology of the disturbance velocity field may be quite complex as backflow in the x-direction is
possible as illustrated in Fig. 7. This topology is illustrated for Re = 5000, « = =2, S = 0.0075 in Fig. 8 which
displays spanwise cuts through the velocity field starting at x = 0 every A /8, where A = 27 /o denotes the length of
the period. The flow field consists of two layers of vortex pairs rotating in the opposite sense above the corrugation
peak (Fig. 8A), with the top layer occupying most of the available space. The bottom vortex partially disappears

0
2 mode0
L
o =5r X
2 q
% £
o
-10} 4
15 -1 1 1
e . ®
2 -1 0 o 1 2

Fig. 4. Top of the spectrum shown in Fig. 3. Notation is the

Fig. 3. Spectra for the flow Reynolds number Re = 5000, the corrugation o
same as in Fig. 3.

wave number « = 2 and amplitude S = 0.0075, and the vortex wave num-
ber B = 2. Black circles show full spectrum, crosses and X’s show the
Orr-Sommerfeld and Squire spectra for « =0, 8 = 2, respectively, stars and
circles show the Orr—Sommerfeld and Squire spectra for « = 2, g = 2, re-
spectively, and squares and diamonds show the Orr—Sommerfeld and Squire
spectra for « =4, B =2, respectively. A, P and S branches of the spectrum
for the first Fourier mode are denoted using symbols A, P and S, respectively.
The numbers shown correspond to the index “m” in Eq. (3.5) identifying
Fourier modes.
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Fig. 5. Amplification rate Imag(o) of the vortex-like disturbances with the spanwise wave numbers 8 = 1 and 8 = 2 induced by the wavy-wall
with the wave numbers o = 2 and o = 3 for Re = 5000 as a function of the corrugation amplitude S.
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wavy-wall with the wave number o = 2 and the amplitude S = 0.0075 for the flow Reynolds number Re = 5000 and normalized with condition

max(g,go)) = 1. Figs. 6A, 6B, 6C display functions g,sm), gl(,m), g](én)’ respectively.

and changes direction of motion with a saddle point forming between both layers at x = 1 /8 (Fig. 8B). Here we
use the nomenclature of critical-point theory [39]. The vortex structure completely disappears at x = A /4 (Fig. 8C)
and x = 31/8 (Fig. 8D) with fluid moving from left to right on the left side of the figure. The double-vortex layer
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(0)

0.2

Fig. 7. Evolution of the eigenfunction gL(,O) associated with the vortex-like disturbances as a function of the wavy-wall amplitude S for the corruga-

tion wave number o = 2, the vortex wave number S = 2 and the flow Reynolds number Re = 5000. Normalization condition max(g,go)) =1.

re-emerges at x = A /2 (Fig. 8E) but with the lower vortex rotating in the same sense as the upper one and a saddle
point forming between them. This location corresponds to the bottom of the corrugation. The lower vortex partially
disappears at x = 5)./8 while maintaining a direction of motion consistent with the upper vortex and without forming
any critical points (Fig. 8F). The same but more pronounced structure exists at x = 61/8 and x = 71 /8 (Figs. 8F-H).
In summary, two vortex layers can be clearly identified but only above corrugation extremes. There is a rapid flow
re-adjustment downstream from the corrugation peak with the qualitatively similar structure persisting until the flow
approaches the bottom of the corrugation where another rapid re-adjustment takes place and a new structure re-
emerges and persists until the flow again reaches corrugation peak. The re-adjustment zones are characterized by
a double-vortex layer, but with the lower vortex rotating in a different sense above the corrugation peak and the
corrugation bottom.

The differences between the flow in the zones downstream and upstream from the corrugation peak are also illus-
trated in Fig. 9, which displays a modified disturbance velocity field in the (x, y) plane at z = 0. The modification
involves elimination of the zero mode g,(do) from the u velocity component; this mode is an order of magnitude larger
than the remaining modes (see Fig. 6) and thus conceals a streamwise modulation of the velocity field. The flow
modulation has a simple form. As the flow approaches the corrugation peak, it is forced to change direction owing
to the blocking effect of the corrugation; the resulting instability drives the flow in the spanwise direction resulting
in the formation of an unstable node (source) close to the corrugated wall. The corresponding sink (stable node) is
located next to the smooth wall but in the diverging section of the channel. The critical points at the corrugated wall
just downstream from the corrugation peak and at the smooth wall just upstream from the corrugation peak can be
interpreted as symmetric saddles where streamlines separating the streams flowing between different pairs of sources
and sinks terminate.

The streamwise evolution of the vortex structure suggests that the vortices may be driven by the centrifugal
force [29]. The reader may recall that the centrifugal instability may occur over concave as well as convex walls [40].
The area where the corrugation height increases corresponds to the converging-flow section where the Rayleigh cri-
terion suggests the existence of a centrifugal mechanism (Fig. 2). As the fluid moves through the stable and unstable
zones, the vortices are formed in the converging section and are attenuated in the diverging section. The question
whether the whole vortex system grows or decays in time hinges on the delicate balance between the instability-driving
centrifugal force in the converging section and the instability-damping centrifugal force in the diverging section and
the stabilizing effect of viscous dissipation in the whole channel. Results of this analysis show that it is possible to
find a combination of the flow conditions and the corrugation amplitude where the vortex system does indeed grow in
time.
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disturbance velocity vector is normalized with condition max(g,so)) = 1. Figs. 8A-8H correspond to x =0, A/8, A /4,3A/8,1/2,51/8,31/4,TA/8,

z) component of the disturbance velocity vector associated with the vortex-like disturbances for z € (0, 277/ B), the vor-

s

27 /a denotes one wavelength of the corrugation. Continuous lines illustrate trajectories in the phase plane.

tex wave number 8 = 2, the wavy-wall wave number o = 2, the flow Reynolds number Re = 5000 and the corrugation amplitude S

Fig. 8. Distribution of the (y

respectively, where A
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Fig. 9. Distribution of the (x,y) component of the modified disturbance velocity vector associated with the vortex-like disturbances for

x € (0,27 /) at z = 0. The remaining conditions are the same as in Fig. 8. The modification involves elimination of the zero-th mode from

the u-velocity component, i.e., elimination of gb(,o).

While the above discussion points to the centrifugal origin of the vortices, the reader should keep in mind the
existence of two other possible mechanisms proposed in the context of Langmuir circulation and commonly refereed
to as the CL1 and CL2 mechanisms [29,33,41,42]. While the disturbances have no streamwise vorticity when S =0
[29], such vorticity is created by “bending” of the plane vortex sheets by surface corrugation which may lead to
interesting dynamics that has been studied most closely in the context of the CL.1 mechanism. It is not possible to rule
out any of the above mechanisms as all of them may lead to the formation of streamwise vortices, while the indirect
evidence in the form of streamwise evolution of the flow-field structure points towards the centrifugal effect.

The unstable eigenvalue has been traced through the parameter space in order to determine physical characteristics
of the instability. The amplification rates Imag(c) are illustrated in Fig. 10 for the flow Reynolds number Re = 5000
and the corrugation amplitude § = 0.0075. The range of the “active” corrugation wave numbers extends from o ~ 1.4
to a ~ 7 where the term “active” refers to the wave numbers that give rise to the instability. Each “active” corrugation
wave number gives rise to a band of vortices whose wavelength is bounded from above and below. The amplified-
vortex wave numbers are always contained in the interval ~1.2 < 8 < ~3.7 but the vortices that are actually amplified
are contained in a smaller subinterval whose length and location change as a function of the corrugation wave number.

Fig. 11 displays the neutral surface in the (o, B, S) space for Re = 5000. The interior of this surface corresponds
to the flow conditions giving rise to the instability. The shape of the neutral surface shows that the range of the
“active” corrugation wave numbers « as well as the range of the resulting unstable vortex wave numbers § increase
rapidly with an increase of the corrugation amplitude S. Similar results obtained for Re = 10* and displayed in Fig. 12
demonstrate that this increase is more rapid for higher values of Re, where it results in much wider ranges of “active”
a’s and resulting 8’s. It can also be seen that the instability occurs at much smaller corrugation amplitudes when Re
is higher.

Fig. 13 displays the neutral surface in the («, B, Re) space for § = 0.007. A rapid increase of the range of “active”
corrugation wave numbers « and the resulting vortex wave numbers 8 as Re increases is clearly visible.

One of the objectives of this analysis is the determination of the critical conditions for this instability. A cut
corresponding to a particular wave number o = const through the neutral surface shown in Fig. 13 defines the critical
Reynolds number for this particular @ and S = 0.007. A similar cut through the neutral surface shown in Fig. 11
determines the amplitude S for which Re = 5000 represents the critical value. It is convenient for presentation of the
results to introduce a global critical Reynolds number Re, . that defines the critical conditions for the onset of the
instability for a given corrugation amplitude S regardless of its wavelength. Such global critical conditions, which
include the critical corrugation wave number a, ¢ and the critical vortex wave number S, ¢, correspond to the tip
of the neutral surface shown in Fig. 13. Variations of the global critical conditions as a function of the corrugation
amplitude S are illustrated in Fig. 14. It can be seen that the most effective in terms of flow-destabilization corrugation
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Fig. 13. The neutral surface describing instability giving rise to the vor-
tex-like disturbances for the corrugation amplitude S = 0.007 as a func-
tion of the flow Reynolds number Re, the corrugation wave number « and
the vortex wave number S for the wavy-wall corrugation model.

Fig. 12. The same as in Fig. 11 but with the Reynolds number
Re=10%

wave number is o« &~ 3 while the vortex wave number most likely to emerge from the instability is 8 ~ 2. The values
of Reg ¢ can be expressed for small values of S using simple correlation in the form

In(Reg or) = —1.32051n(S) + 1.8888 4.1

which provides accuracy no worse then 1% when S < 0.01. This correlation is displayed in Fig. 14.

The area below the critical curve defines the flow conditions when the corrugation does not destabilize the vortex-
like disturbances and is in this sense hydraulically inactive, regardless of its wave number. The area above this curve
defines flow conditions where there exists at least one “active” corrugation wave number. The reader should note that
the flow does not automatically become unstable for Re > Re, ; the instability occurs if and only if the particular
corrugated wall contains an “active” corrugation wave number. The reader should also note that changes in the corru-
gation geometry for Re > Re, ., may either stabilize or destabilize the system. The neutral surface in the hyperspace
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Fig. 14. Variations of the global critical stability conditions, i.e.,
Reg cr, ag cr and Bg cr, for disturbances in the form of streamwise

vortices induced by the wavy-wall corrugation. Thin dash line corre-
sponds to the correlation (4.1).

rugation wave number « = 1.02 and the disturbance wave numbers
8 =1.02 and B = 0. Black circles show full spectrum, crosses and
X’s show the Orr—Sommerfeld and Squire spectra for § =0, g =0,
respectively, stars and circles show the Orr—Sommerfeld and Squire
spectra for § = 1.02, B = 0, respectively, and squares and diamonds
show the Orr—Sommerfeld and Squire spectra for § =2.04, 8 =0, re-
spectively. A, P and S branches of the spectrum for the first Fourier
mode are denoted using symbols A, P and S, respectively. The num-

bers shown correspond to the index “m”
Fourier modes.

Fig. 15. Spectra for the flow Reynolds number Re = 6000, the cor-

in Eq. (3.3) identifying

formed by Re, «, B and S may have many local maxima and changes of @ and S can move the system between these

maxima. Such system characteristics had been observed in the present study, but have not been explored in details;

there is also experimental evidence to this effect [43]. Results given in this paper identify the absolute or global
“maximum” that guarantees that no instability occurs for Re < Reg . regardless of the corrugation geometry.

It is useful to comment on the expected evolution of the flow assuming that the corrugation is able to induce vortex-
type instability. One route of inquiry is the nonlinear evolution of the vortices; it is not known at present whether weak
nonlinear effects enhance or suppress the instability. The second route is associated with the fact that the presence
of the vortices leads to a significant re-arrangement and rapid three-dimensionalization of the flow. Uplifting of low-

momentum fluid away from the wall leads to the formation of streaks with highly distorted streamwise and spanwise
velocity profiles that are subject to very strong secondary instabilities. The experimental evidence available in the case
of Gortler instability [19] suggests that the flow is likely to follow the latter route and indeed, the secondary instabilities
are expected to have the form similar to that found in the case of Gortler vortices. Additional complications may arise
owing to the presence of strong shear layers formed by the instability at the corrugated wall, especially in the re-
adjustment zones above corrugation peak and corrugation bottom. These layers may induce secondary instabilities
not associated with those driven by the central vortices. The above discussion suggests that the flow evolution past

the critical conditions is likely to require fully nonlinear analysis, with weakly nonlinear models likely to be unable to
capture its salient features, similar to the case of diverging-converging channels [30].

4.1.2. Traveling-wave instability

Two-dimensional traveling-wave instability has been studied both theoretically [27,44] and experimentally [28].
The present analysis is focused on the three-dimensional aspects of this instability. While it is known that two-
dimensional waves play the role of critical disturbances in smooth channels [35], it remains to ascertain whether
they remain critical in the case of a corrugated channel.

We begin discussion with the description of the spectrum of the complex amplification o for a typical corrugation
geometry, flow conditions and disturbance wave numbers, i.e.,
Re=6000, S§$=0.0085, a=1.02, g=0, 6§=1.02,

317
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Fig. 16. Top of the spectrum shown in Fig. 15. Notation is the same

as in Fig. 15. Fig. 17. Amplification rate Imag(c) of two-dimensional traveling

wave with the wave number § = 1.02 in the flow with Re = 6000 in
channels with the wavy-wall corrugation characterized by the wave
numbers o = 1.02, 2.04, 3.06, 4.08, 5.10 as a function of the corru-
gation amplitude S.

which is shown in Fig. 15. This spectrum has been computed in the same manner as spectrum for the vortices discussed
previously. The same figure displays Orr—Sommerfeld and Squire spectra for the smooth channel for § =0, 1.02,2.04
and B8 = 0. The complete spectrum consists of a union of spectra associated with different Fourier modes with A,
P and S branches clearly visible. The unstable mode, the so-called Tollmien—Schlichting (TS) wave [45,46] is well
visible in Fig. 16 displaying the top of the spectrum. Introduction of corrugation couples all modes and increases the
amplification of the TS wave (see Fig. 16). The increase of the amplification and connection between the TS waves
in the smooth channel and traveling waves in a corrugated channel is illustrated in Fig. 17 displaying variations of the
amplification as a function of the corrugation amplitude S for the disturbance wave numbers § = 1.02, 8 = 0. The
general structure of the spectrum is not affected by the corrugation; it is the interaction between various Fourier modes
that results in the destabilization of the TS wave.

The critical-stability conditions for the two-dimensional waves have been given in [27]. The properties of oblique
waves are illustrated in Fig. 18 which displays the neutral-stability curves determined for the fixed values of the flow
Reynolds number Re and the corrugation amplitude S but for different fixed values of the wave obliqueness, i.e., 8/6 =
const. The results shown are for three combinations of Re and §, i.e., (i) Re = 5000 and S = 0.009, (ii) Re = 6000 and
S =0.001, and (iii) Re = 6000 and S = 0.0085; the first case is nominally subcritical while the last two are nominally
supercritical. It can be seen (Fig. 18) that the increase of the obliqueness of the disturbance reduces the ranges of
the “active” corrugation wave numbers « and the unstable disturbance wave numbers §. Variation of the disturbance
maximum amplification as a function of the disturbance obliqueness illustrated in Fig. 19A demonstrates that the
two-dimensional waves determine the critical stability conditions. The phase speed of the most amplified disturbances
changes little as a function of the wave obliqueness, as illustrated in Fig. 19A. The most amplified streamwise wave
number also does not change very much as a function of the wave obliqueness, as shown in Fig. 19B, while the
corrugation wave number corresponding to the most amplified disturbance can change significantly depending on the
flow conditions (Fig. 19B). All these results demonstrate that in the range of parameters of interest in this analysis
the two-dimensional waves determine the critical stability conditions. The variations of the relevant global critical
conditions, i.e., Reg cr, 0g,cr and By ¢ as a function of the corrugation amplitude S, have been given in [27]. The most
effective, as far as flow destabilization is concerned, corrugation wave number changes from « ~ 15 for S = 0.006 to
o =~ 30 for § =0.001, while the disturbance wave number changes marginally from § & 1.02 in the smooth-wall case
to § ~ 1.04 for S = 0.006.

The problem discussed above has been posed as a temporal instability where § is real and o is complex whereas
the spatial instability with § complex and o real is better suited for comparisons with experiments. Formulation of
the spatial stability problem is identical to that given in Section 3 with § being complex and o real. It is known that
in the case of smooth channels spatial amplification can be obtained from the temporal amplification using the Gaster
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Fig. 19. Variations of the maximum amplification Imag(o) of the three-dimensional traveling waves as a function of their obliqueness B/8
(Fig. 19A) for the wavy-wall corrugation. The corresponding frequency Real(o) is shown in the same figure, while the corresponding distur-
bance streamwise wave number § and the corrugation wave number « are shown in Fig. 19B for three sets of the flow Reynolds numbers Re and
the corrugation amplitudes S. The curves are terminated at the wave obliqueness where the disturbances become stable.

transformation [47]. Validity of this transformation in the case of corrugated channels has been confirmed by solving
both the temporal- and spatial-stability problems and comparing the results.

It is of interest to comment on the possible further evolution of the flow subject to this instability. The growth of
traveling waves will likely lead to the formation of finite-amplitude saturation states, as in the case of smooth channel
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Fig. 20. Variations of the global critical Reynolds number Reg ¢r describing the traveling-wave instability and the vortex-like instability for the
wavy-wall corrugation as a function of the corrugation amplitude S for the wavy-wall corrugation. The area below and to the left of both curves
corresponds to the flow conditions and the wall geometry that do not produce any instability. Such a wall operating under the specified Reynolds
number behaves as a hydraulically smooth wall for this class of corrugation. The global neutral curve for the traveling-wave instability has been
taken from [27].

[48-50]. Such states are known to be unstable [51,52] in smooth channels and are likely to remain unstable in the case
of corrugated channels.

It is known that the laminar-turbulent transition in two-dimensional Poiseuille flow may occur at Reynolds numbers
much lower then those predicted by the unstable eigenvalues of the linear theory. Experiments show that the flow may
become turbulent even at Re = 1000 [53], which has been recognized as the minimum transition Reynolds number
for the channel flow. The presence of corrugation does destabilize the traveling waves, but not to the extent that could
explain these observations (Fig. 20). The instability is governed by the non-normal operator [54] and has a subcritical
character in the case of smooth walls [55], with the critical Reynolds number reduced to about Re = 2700 [48,49].
The operator in the case of corrugated walls consists of a system of Tollmien—Schlichting, Squire- and coupling-
like operators connected together by the corrugation effects, as discussed in Section 3, and thus one expect them
to be non-normal and the instability to remain subcritical in the case of corrugated walls. The extent of potential
corrugation-induced reduction of the non-linear critical Reynolds number is unknown at present.

4.1.3. Global picture for the wavy-wall model

The above discussion shows the existence of two independent modes of instability. Our interest is in identifying
flow conditions where the flow is always stable regardless of the form of the corrugation and the type of instability.
Fig. 20 displays the critical curves Reg ¢ (S) for both instability modes and permit identification of flow conditions and
wall geometry that do not produce any instability. Such wall operating under the specified Reynolds number behaves
as the hydraulically smooth wall. The range of Re and S that defines the hydraulically smooth wall is shown in Fig. 20.

The reader should note that the flow conditions outside the “hydraulically smooth” range do not imply flow insta-
bility. Flow instability may occur if and only if a particular wall under consideration contains an “active” corrugation
wave number. The “hydraulically smooth” conditions guarantee that there is no instability regardless of the corruga-
tion wave number that could be present.

It is necessary here to remind the reader that the laminar-turbulent transition could also be triggered by the so-called
transient growth of disturbances [54,56], which could activate nonlinear effects without relying on the asymptotic
growth. The transient growth of the wave-like perturbations merely provides a mechanism to increase the level of
disturbances required for the flow to jump to a new finite-amplitude state and thus ties back to the question of iden-
tification of the structure of the subcritical bifurcation tree. The disturbances with the highest growth, the optimal
disturbances, have a form similar to streamwise vortices [57] and lead to the formation of streamwise streaks which,
in turn, induce strong secondary instabilities that initiate a route to transition that is not related to subcritical bifurca-
tions. The efficiency of the transient growth in amplifying the disturbances and the form of the optimal disturbances
are not known in the case of corrugated wall. One would expect streamwise vortices to remain optimal, albeit with
somewhat different characteristics related to the corrugation geometry.
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Fig. 21. Rectangular-groove corrugation model. Numbers shown de- Fig. 22. Neutral curves for the vortex instability in the channel with
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the wave number o = 1 obtained using various numbers of Fourier
modes for the approximation of the corrugation geometry. Numbers
shown describe the number of Fourier modes retained in Eq. (2.2).

4.2. Rectangular-groove model

Fig. 21 displays corrugation in the form of rectangular grooves and various geometries obtained with different
truncation levels of the Fourier series representing the complete geometry. The Fourier representation has the form
given by Eq. (2.2) where So =0, S1 = A, $> =0, S53=A/3,S4=0, S5 = A/5, etc., where A = —4Si/m, iZ=—1and
4S5 represents the distance between the top and bottom of the corrugation similarly to the case of wavy-wall discussed
previously. We begin our discussion with the vortex mode of instability.

Neutral curves for the vortex mode for a typical corrugation geometry with S = 0.008 and o = 1.0 in the (Re, 8)
plane are displayed in Fig. 22 for different levels of accuracy of modeling of corrugation geometry. It can be seen
that the difference between the critical Reynolds number for the geometries represented by the first seven and nine
Fourier modes in Eq. (2.2) (see Fig. 21) is negligible, i.e., the critical conditions for the corrugation in the form of
the rectangular groove and the corrugation represented by the first seven Fourier modes are nearly identical. This
result demonstrates that the essential properties of the corrugation geometry as far as the flow stability characteristics
are concerned can be captured using just a few leading Fourier modes. The reader may also note that the difference
between the critical Reynolds numbers for the wavy-wall (one Fourier mode) and the complete geometry is about 4%.
It is important to underline that this result shows that the flow is fairly insensitive to small variations of corrugation
shape as expressed by higher Fourier modes.

Results of typical parameter studies for the vortex mode carried out with the complete geometry model are shown
in Fig. 23. It can be seen that the range of the “active” corrugation wave numbers and the range of the unstable vortices
increase with an increase on both Re and S. Qualitative features of this instability are very similar to those observed in
the case of wavy-wall (see Section 4.1.1) while the details are obviously somewhat different. An extreme sensitivity of
the instability with respect to the amplitude of the corrugation as well as the Reynolds number once critical conditions
are reached is noted. Numerous repetitions of studies similar to those displayed in Fig. 23 permit identification of the
global critical conditions as a function of the corrugation amplitude S. The global critical Reynolds numbers Reg cr,
the global critical corrugation wave numbers a, ¢ and the global critical vortex wave numbers B, ., displayed in
Fig. 24 demonstrate that their variations as a function of § are qualitatively similar to the case of wavy-wall. The
critical curve is almost exactly parallel to the corresponding curve for the wavy-wall; it appears to be just shifted
downwards by a constant distance in the (log(Reg (), log(S)) plane. The global critical Reynolds number Reg ¢ is
lower by about 20% as compared to the Reg ¢ for the wavy-wall with the same amplitude, while oy ¢ is about 15%
lower and B, . is nearly identical. We may conclude by looking at the shape of the corrugation shown in Fig. 21 that
the flow destabilization as compared to the wavy-wall case is owing to the presence of higher Fourier modes in the
corrugation shape.

We shall now turn our attention to the traveling wave mode. Results shown in Fig. 25 demonstrate the variations of
the neutral curve in the (8, Re) plane as a function of different approximations of the corrugation geometry expressed
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Fig. 23. Neutral stability curves for the vortex instability in the channel with the rectangular-groove corrugation. A — effects of the flow Reynolds
number Re for the corrugation amplitude S = 0.0056; B — effects of the corrugations amplitude S for the flow Reynolds number Re = 4500.

105 CE-aRmmNRseo_ o 3.2
S oo TEmEsaL, 3
-===""f TSt O
S ‘g.cr
Rf:g,c1r ~—3B
- Pger
—2.8
10¢ 26
—2.4
— 2.2
— 2
103 T I L} T T L] T L
10® S 102

Fig. 24. Variations of the global critical stability conditions, i.e.,
Reg cr, ag cr and Bg cr, for disturbances in the form of streamwise
vortices. The solid, short-dash and long-dash lines refer to Reg cr,
ag.cr and Bg cr, respectively. Labels 1, 2, 3 and 4 refer to the cor-
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Fig. 25. Neutral curves for the traveling-wave instability in the
channel with the rectangular-groove corrugation with the amplitude
S§ = 0.006 and wave number o = 1 obtained using various numbers
of Fourier modes for the approximation of the corrugation geometry.
Numbers shown describe the number of Fourier modes retained in
Eq. (2.2). Dash line shows neutral curve for the smooth wall.

in terms of different levels of truncation of Fourier expansion (2.2). It can be seen that the critical Reynolds numbers
for the geometries represented by the nine-modes and eleven-modes Fourier expansions are nearly identical. The
difference between the critical Reynolds number for the complete geometry and for the wavy-wall model is of the

order of 2%.

Results of typical parameter studies for the traveling wave mode are illustrated in Fig. 26. The qualitative character
of the flow response is very similar to the case of wavy-wall (see Section 4.1.2). The global critical Reynolds num-
bers Reg r, the global critical corrugation wave numbers «, ¢ and the global critical vortex wave numbers &g ¢ for
this type of instability are displayed in Fig. 27 and demonstrate qualitative similarity with the wavy-wall case. The
global critical Reynolds number for the grooved wall is lower by about 5% as compared with the wavy-wall case for
the largest corrugation amplitude considered, while the global critical corrugation wave number o ¢, is nearly 50%
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Fig. 28. Variations of the global critical Reynolds number Reg cr
describing the traveling-wave instability and the vortex-like insta-
bility for the corrugated channel as a function of the corrugation
amplitude S. The dash, dash-dot and continuous lines correspond
to the corrugation in the form of rectangular grooves, triangular
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corresponds to the flow conditions that do not produce any insta-
bility for the corrugation geometries subject to this investigation.

Fig. 27. Variations of the global critical stability conditions, i.e., Reg cr,
ag cr and dg cr, for disturbances in the form of traveling waves. The
solid, short-dash and long-dash lines refer to Reg cr, ag cr and g cr,
respectively. Labels 1, 2, 3 and 4 refer to the corrugation in the form of
wavy wall, rectangular grooves, triangular grooves and “sine-bump”
grooves, respectively. The reader may note that Reg cr — 5772 and
8g.cr — 1.02as § — 0.

smaller over the whole range of corrugation amplitudes considered (Fig. 27). The critical wave number dg ¢, is nearly
identical in both cases. We can conclude again that higher Fourier modes are responsible for the flow destabilization.

Analysis of results for the vortex and traveling wave modes presented above permits formulation of the global
picture of the instability. Fig. 28 displays the global critical curves for both modes. The region below these curves
identifies conditions under which the wall with the rectangular grooves behaves as a hydraulically smooth wall. The
flow is less stable than the flow over a wavy-wall with the same amplitude.

4.3. Triangular-groove model
Figure 29 illustrates corrugation in the form of triangular grooves and various geometries obtained with different

truncation levels of the Fourier series representing the complete geometry. The Fourier representation has the form
given by Eq. (2.2) where So =0, S| = A, S, =0, S3 =372A, S4 =0, S5 = 52A, etc., where A = —85/7% and
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48 represents the distance between the top and bottom of the corrugation. It had been found that in most cases the
stability characteristics for the triangular grooves and the corrugation shape described by the first three modes of
Fourier expansion (2.2) were nearly identical.

We begin discussion with the vortex mode. Results of typical parameter studies are shown in Fig. 30. The qualitative
features of this instability are very similar to those observed in the previous two cases. An extreme sensitivity of the
instability with respect to the amplitude of the corrugation as well as the flow Reynolds number once critical conditions
are reached is noted. The global critical Reynolds numbers Re, (, the global critical corrugation wave numbers o ¢
and the global critical vortex wave numbers B, . displayed in Fig. 24 demonstrate that their variations as a function
of § are qualitatively similar to the previous two cases, i.e., wavy-wall model and rectangular-groove model. The
Reg ¢ is parallel to the similar curve for the wavy-wall and is just shifted upwards resulting in a more stable flow.
The global critical Reynolds number Re, ; is higher by about 10% as compared with the wavy-wall case, while og ¢
and B, ¢ are nearly identical. The first Fourier mode in the corrugation shape corresponds to the wavy-wall with
smaller amplitude (see Fig. 29) and this is why this flow is more stable as compared with the wavy-wall with the
same amplitude as triangular grooves; the higher Fourier modes in the corrugation shape are not effective in flow

0.03

Y

-0.030 5 X 1'0

Fig. 29. Triangular-groove corrugation model. Numbers shown denote the number of Fourier modes retained in Eq. (2.2).

Fig. 30. Neutral stability curves for the vortex instability in the channel with the triangular-groove corrugation. A — effects of the flow Reynolds
number Re for the corrugation amplitude S = 0.009; B — effects of the corrugations amplitude S for the flow Reynolds number Re = 5000.
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Fig. 31. Neutral stability curves for the traveling-wave instability in the channel with the triangular-groove corrugation. A — effects of the flow
Reynolds number Re for the corrugation amplitude S = 0.0085; B — effects of the corrugations amplitude S for the flow Reynolds number
Re = 6000.

destabilization. Accordingly, we can conclude that the Reg ¢ curve is shifted towards higher S as compared to the
wavy-wall case rather than towards higher Reg ;. The net result is obviously the same, regardless of the interpretation
adopted.

We shall now turn our attention to the traveling wave mode. Results of typical parameter studies are illustrated in
Fig. 31. The qualitative character of the flow response is very similar to the previous two cases. The global critical
Reynolds numbers Re, ., the global critical corrugation wave numbers o, r and the global critical vortex wave
numbers & ¢ for this type of instability are displayed in Fig. 27 and demonstrate qualitative similarity with the wavy-
wall and rectangular-groove cases. The flow over the triangular grooves is least unstable from among the cases studied
so far, with Re, . higher by about 5% as compared to the wavy-wall case at the highest value of S considered; ag cr
and Jg ¢ are nearly the same as in the wavy-wall case. The reason for flow stabilization relative to the wavy-wall
is the same as in the case of vortex instability, i.e., the dominant mode in the corrugation shape corresponds to the
wavy-wall with a smaller amplitude.

The above discussion permits formulation of the global picture of the instability. Fig. 28 displays the global critical
curves for the vortex and traveling-wave modes. The region below these curves identifies conditions under which the
wall with the triangular grooves behaves as a hydraulically smooth wall. This flow is more stable than the wavy-wall
case.

4.4. “Sine-bump”-groove model

Fig. 32 illustrates corrugation in the form of “sine-bump” grooves and various geometries obtained with different
truncation levels of the Fourier series representing the complete geometry. The groove is made out of straight line
extending over half of a period and half period of sine function. The Fourier representation has the form given by
Eq. (2.2) where So =0, §1 = —2Si, S = A/(1%3), S$3=0, S4=A/(B3%5), S5=0, S¢ = A/(5 % 7), etc., where
A= —8/m,i’> = —1 and 48 represents the distance between the top and bottom of the corrugation. It had been found
that the stability characteristics for the “sine-bump” grooves and the corrugation shape described by the first three
modes of the Fourier expansion (2.2) were nearly identical.

We shall begin our discussion with the vortex mode. Results of typical parameter studies are shown in Fig. 33. The
qualitative features of this instability are very similar to those observed in the previous three cases. The Reg (r, the
ag cr and the B, ¢ displayed in Fig. 24 demonstrate that their variations as a function of § are qualitatively similar in
all cases studied so far. This flow is actually more stable than the triangular-groove case (and thus more stable than
the wavy-wall case), which is probably because of the greater dominance of the first Fourier mode in the corrugation
shape (Fig. 32).

We shall now turn our attention to the traveling wave mode. Results of typical parameter studies are illustrated
in Fig. 34. The qualitative character of the flow response is very similar to the previous three cases. The Reg ¢, the
g or and the 8, ¢, for this type of instability are not too far away from the corresponding values for the wavy-wall, as
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Fig. 32. “Sine-bump”-groove corrugation model. Numbers shown denote the number of Fourier modes retained in Eq. (2.2).
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Fig. 33. Neutral stability curves for the vortex instability in the channel with the “sine-bump”-groove corrugation. A — effects of the flow Reynolds
number Re for the corrugation amplitude S = 0.009; B — effects of the corrugations amplitude S for the flow Reynolds number Re = 5000.
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Fig. 34. Neutral stability curves for the traveling-wave instability in the channel with the “sine-bump”-groove corrugation. A — effects of the
flow Reynolds number Re for the corrugation amplitude S = 0.0085; B — effects of the corrugations amplitude S for the flow Reynolds number

Re = 6000.
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demonstrated in Fig. 27, and illustrate qualitative similarity of all cases studied so far. The reader may note that this
flow is actually less stable with respect to traveling waves than the wavy-wall case.

The global picture of the instability is illustrated in Fig. 28, which displays the global critical curves for both modes.
The region below these curves identifies conditions under which the wall with the “sine-bump”’-grooves behaves as
a hydraulically smooth wall. This wall falls in between the wavy-wall and the rectangular-groove cases as far as
traveling-wave instability is concerned but is the most stable as far as the vortex instability is concerned.

5. Comparison of dynamical effect induced by different classes of corrugation shapes and closing comments

Results described above for the four corrugation shapes permit us to draw fairly general conclusions regarding
linear instability of the two-dimensional channel flow bounded by a corrugated wall. The wavy-wall has been selected
as the reference case as its shape is represented by a single Fourier mode. The rectangular grooves have been selected
to represent the most extreme geometry that can be represented using Fourier series; in this case higher Fourier modes
play significant part in representing the corrugation shape (see Fig. 21). Triangular grooves have been selected to
represent shapes where higher Fourier modes do not play a significant role (see Fig. 29). The “sine-bump” model
has been selected to represent a mixed case between the wavy-wall and the rectangular and triangular grooves (see
Fig. 32). The more complex shapes with grooves folding onto themselves are probably of no significance as the flow
separation would effectively “smooth out” the geometry and the free shear layers around the top of the small separation
bubbles would probably be too short to support any local instabilities and the local Reynolds number would probably
be too small to permit growth of any disturbances.

The critical curves displayed in Fig. 28 demonstrate qualitative similarity of flow response for all corrugation
geometries subject to this investigation. If the corrugation amplitude for a given shape and distribution (as defined
by the corrugation wave number) and given flow conditions (as defined by the flow Reynolds number) is sufficiently
small, such corrugation is able to induce only small modifications in the flow. When the size of the corrugation reaches
critical conditions, it can induce large changes in the flow through various instability processes. We can therefore use
the onset of any instability as the event that defines the conditions when the wall ceases to be hydrodynamically
smooth.

The flow is subject to two types of instability. The traveling-wave instability has its critical Reynolds number
always reduced by the presence of the corrugation. The corrugation is always able to initiate a new instability that
results in the formation of streamwise vortices. The similarity of the flow response for all geometries studied is
especially clear in the case of vortex instability, where the critical curves are just shifted by a constant distance in the
(log(Reg, 1), log(S)) plane. The remarkable fact is that the quantitative results are also very similar for all geometries
considered. The wavy-wall model provides a surprisingly good approximation for all corrugation shapes in the case of
traveling-wave instability; the spread of Re, , for the same amplitude but different corrugation shapes is of the order
of 5% of the wavy-wall value for the largest amplitude S considered. The spread of Reg ( for the vortex instability is
of the order of 60% of the wavy-wall value over the whole range of amplitudes S considered; however, the wavy-wall
value under-predicts Reg o for the most dangerous shape (rectangular grooves) by only 20%. The traveling waves are
fairly insensitive to the corrugation shape and corrugation amplitude, while the vortices are very sensitive to both.
The rectangular grooves, which represent the most extreme geometry, are found to be the most effective in flow
destabilization. Since more complex shapes, with grooves folding onto themselves, are likely to be “smoothed out” by
the flow separation as argued above, the results for the rectangular grooves permit us to identify the flow conditions
and corrugation amplitudes where the wall with surface corrugation always would behave as hydraulically smooth
wall regardless of the corrugation shape (see Fig. 28). An increase of Re above its maximum permitted hydraulically-
smooth-value induces traveling-wave instability if the corrugation amplitude S < ~0.0045, and vortex instability for
larger values of S. The reader should keep in mind that the flow becomes unstable for Re > Re, . only if the given
corrugation shape contains hydraulically “active” corrugation wave numbers.

The reader may recall that our interest is in the determination of the effects of distributed surface roughness. In
the analysis we have considered a number of carefully selected corrugations and were able to formulate conclusions
valid regardless of details of their shapes. The generality of these results permits us to return to the use of the term
“roughness” and conclude that any rough wall is hydraulically smooth as long as it does not induce any instability.
Obviously, this conclusion applies to transitional flows only, as different effects not accounted for in the present
analysis may play a role in the case of turbulent flows.
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The results summarized above have been obtained in the case of two-dimensional roughness shapes. Variations of
the roughness geometry in the spanwise direction are likely to introduce new instability mechanisms and have to be
studied separately. The hydraulically smooth wall, as defined above, remains therefore hydraulically smooth if and
only if the surface roughness has the form of spanwise grooves.

Acknowledgements

This work has been carried out with support of NSERC of Canada. The author would like to thank Dr.S.Krol for
assistance in carrying out the required computations. Sharcnet of Canada provided computing resources.

Appendix A

Operators used in Egs. (3.5) have the following definitions [26,29]:

S = p? — k2 —iRe(tyuo — o), (A.1)
T = (D? —k2)” = iRe[(tmito — 0) (D* — k2) — 1 D?uo], (A2)
C = Ref Duy, (A.3)
Wi =B(if," D =t fi"). (Ad)
ngm,n) — ilng;(An)v (A.5)
Wzgjm,n) =ty (tmfn fu(n) _ l'fv(n)D), (A.6)
Bm™ = 2 DM +inakZ £ — 12 £ D + ity DF D + ity £ D?, (A.7)
B = k2t £+ k2, DEM 4 K2 £ D 4 i1, D £ 4 i, DEM D, (A.8)
BU"™™ = B(~tm-on f"D — tm_ny DF +if P D?), (A.9)

where D =d/dy and k2, =t2 + p.
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